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Abstract 
Cutting tools play an important role in machining applications. 
The ability to predict the optimal replacement time of a tool has a 
significant impact on the cost of operation. In this study, two 
general approaches to the tool replacement problem were considered: 
a deterministic approach, and a stochastic approach. In both cases, 
a cost model was used which incorporated relevant cost factors 
associated with a machining operation, and it was intended to 
determine the tool replacement time so that the cost function is 
minimized. 
'fhe deterministic approach was based on a multiple regression 
equation relating cutting conditions to the flank wear on the tool. 
Then, a second expression was used to relate the flank wear and 
time. Depending on the application type, and a predetermined tool 
failure criterion, the optimal replacement time was determined. 
The second approach made use of several failure distributions, 
individually and in conjunction, to depict the hazards that exist in 
a job shop environment. In the analysis, an attempt was made to 
minimize the risk of tool failures and production of defective 
workpieces, while maximizing the tool utilization. Part of this 
analysis was based on actual experimental data which demonstrated 
that with a relatively small sample, this approach can be 
implemented in a practical application. 
The application of the model is restricted to situations where 
the expected tool life is longer than machining time per workpiece. 
Also, as machining time and the expected tool life tend toward each 
other, the solution is merely a near optimal and an approximation to 
the optimal solution. •ro overcome this limitation, more involved 
mathematical modeling based on the renewal theory and regenerative 
processes may be appropriate. 
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1. Scope and purpose 
1.1 Introduction 
In most industrial machining operations the action of cutting 
gradually changes the tool edge so that in time , the tool ceases to 
cut efficiently. Therefore, tool life may be defined as that period 
of time that the cutting tool performs efficiently. 'fhe criteria for 
the end of tool life are somewhat varied. Generally, the symptoms of 
the end of tool life, individually or collectively, serve as a 
criteria for the en:i of tool life. Some of these symptoms are: a 
sharp temperature rise, severe vibration, increase in po·ll'er 
consumption, excessively noisy operation, and failure to generate 
the desired dimensions and surface finish on the workpiece. 
In most indus trial applications a tool is considered to have 
failed when it does not impart the required quality characteristics 
to the workpiece. Generally, a skilled operator is required to 
detect the end of tool life. However, stringent tolerances in an 
oper·a tion would make detection of the end of tool life extremely 
difficult even for a skilled operator. 
'fhe main causes of tool failures are wear, fracture, and 
temperature. 'fhe wear process, which is the most common mode of 
failure, is quite complex and involves chemical, mechanical, and 
physical processes. The four common mechanisms for wear are: 
1 )abrasion, 2)adhesion, j)diffusion, 4)oxidation. Abrasion takes 
place when hard constituents in the workpiece microstructure plow 
into the tool face or flank, as they flow over it. When asperities 
in the chip and the 
pressure, they tend 
tool slide past each other under heat and 
to adhere. A certain amount of plastic 
deformation takes place in the bonding asperities. After a time of 
deformation contact, the asperities break off taking with them 
minute amount of tool material. Bventually a crater is formed, and 
this is referred to as adhesion wear. Diffusion wear involves 
transfer of atomic particles from the tool to the workpiece and vice 
versa. Diffusion rate increases with the eleva ted temperature, and 
at tne elevated temperature range where the tool operates, oxidation 
can cause rapid wear by weakening the tool matrix and thus the 
cutting edge's strength. 
Fracture can result when there is exessive pressure acting on 
the cutting edge of a tool. Exessive pressure can cause breakage of 
one or two large, or several smaller pieces. Such breakage can 
result in immediate failure of the tool. Fracture is usually 
attributed to mechanical shocks, thermal shocks, thermal cracks, 
fatigue or exessive wear. 
In the U.~.A and Japan it is a common practice to measure the 
width of wear land on the flank of the tool to determine the end of 
tool life (2). 'l'ool life determination is carried out under 
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conditions which ensure that only a normal wear process takes place, 
but in machine shops premature tool failures through chipping and 
breakage are quite common (17). Also, for flank wear measurements, 
it is necessary to take the tool away and measure the wear land. 
Obviously this approach is impractical in an industrial application. 
Causes of tool failures are quite complex involving various 
factors, but failures can be regarded as accidents whose frequency 
can be measured and analyzed statistically. This statistical 
approach constitutes the core of this study. 
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1 • 2 Background 
F.W.Taylor was the first to investigate a relationship between 
tool life and machining variables ( 1, 2). His efforts resulted in 
the famous Taylor tool life equation; 
where, v 
T 
cutting speed 
tool life 
n,C emperical constants 
'l'aylor carried out investigations to determine the optimum life (2). 
n~ concluded that a relationship must exist between machining speed 
and the tool life •. A short tool life would imply frequent 
reconditioning of the tool, but a higher cutting speed. A longer 
tool life would be associated with lower speed and reduced 
production rate. Taylor's tool life equation was extended to include 
other variables such as feed and depth of cut. Kronenberg (2) showed 
that such relationships can be developed using dimensional analysis. 
Taylor tool life equation has long been accepted as the basic 
equation and can be regarded as correct under practical machining 
condi tiona. However, the metal cutting variables that are involved 
in a metal cutting operation are numerous. Generally, three 
principle sources of variations can be identified which are: work 
material, tool material, and machine tool. .i!:ach source has many 
variables of its own which can affect its characteristics. This 
large number of variables multiplied by the number of metal cutting 
6 
processes leads to large number of possible combinations. 
This variability has long been recognized (17), and more 
attention has been given to the fact that occurrence of tool 
failures and tool life can be regarded as a stochastic phenomenon 
and should be treated as such ( 10, 11 , 12, 1 j, 14). 
'.rhe purpose of this research is to investigate the use of 
mathematical relationships to analyze and possibly predict the 
optimal replacement time of the tool to minimize the cost of 
machining. Once a method for determining optimal replacement time is 
developed, its application can range from implementation in a job 
shop environment to being used as a part of a software package for 
computer aided metal machining. A comprehensive review of different 
methods of on-line wear monitoring systems can be found in (6). 
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2. Deterministic tool failure analyses and its implementation 
2.1 Introduction 
Tool life testing is usually carried out under conditions which 
ensure that only a normal wear process takes place. If it can be 
assumed that such a situation exists in a workshop environment, and 
ignore other modes of failure (fracture, chipping, etc.), then a 
deterministic model can be used to describe the tool life. 
Once a mathematical expression for tool life is established, a 
given set of machining conditions, ch~racteristics of tool and work 
material along with relevant cost factors can be grouped together to 
form a cost model. Such s model can then be employed to determine 
the optimal replacement time of the tool which minimizes the cost of 
machining. 
2.2 Tool life relationship 
'rhe result of many sets of data taken for the tool life-wear 
relationship indicate the general form of wear progression as a 
function of time, which is displayed in figure ( 2. 1 ) • As shown in 
figure (2.1), three distinct regions in the wear process can be 
identified. It is known that machining variables can be selected so 
that the gradual wear region is prolonged ( 1). The extension of 
gradual wear region is equivalant to the reduction in wear rate. 
d 
lhitio.l 
[3rtQkdown 
Par;od 
Figure 2-1 : 
l 
TIME: 
flank wear time relationship 
Hegression is used quite often to analyze relationships between 
tool life and certain machining variables. In one such study, a 
multiple regression model was used to establish a relationship 
between wear rate and various machining variables (7). In this 
study, flank wear was expressed as a linear function of time with 
the wear rate serving as a constant. Equation (2.1) shows the 
expression for wear rate and equation (2.2) represents the 
relationship between flank wear and time. 
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where, 
A,B,~j,.l.) 
where, 
wrl == wear rate 
V speed 
i!' == feed 
(2. 1 ) 
ri = material hardness 
experimentally determined constants. 
l!'il = flanK wear 
w0 = initial breaKdown wear 
t = elapsed time 
~quations (2.1) and (2.2) serve as a basis for the analysis 
presented in this section. Equation (2.2) suggests a linear 
relationship between flank wear and time and ignores the rapid 
breakdown segment of the wear precess. It should be noted that 
taking experimental data for this region is extremely difficult and 
in almost all industrial processes, the tool is replaced before 
reaching this stage, since symptoms of the tool failure can be 
observed before the tool begins to breakdown. 
2.j Tne cost function 
~h~ cost model that is considered is simply an extension of the 
model presented by w.w.~ilbert for the analyses of machining 
econotnics problem. Gilbert's model has the following form ( 1), 
(2-5) 
where, 
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Cu =unit cost 
c0 = labor cost 
tm = machining time per unit 
T = average tool life 
Ct = cost of tooling 
tct = tool change time 
th = handling time 
~quation (2.3) considers three distinct costs which are cost of 
machining, cost of tooling, and cost of handling the workpiece. The 
cost function in our analyses also considers another source of 
expense lihich will result in the case of producing a defective 
workpiece. The total cost of machining is then allocated among those 
workpieces which are considered acceptable. 'fhe cost function has 
the following form; 
C (t ) = ( ( t + C t + Coics + C1; + fs; (tort ) ) ( tJ( ~opt) ) 
Pc"''t \o h •rt~ N{topt) tJ(topt) tJ{f.opt)-&(toPt) 
(2. 4) 
where, 
cp9(topt) = cost of machining per workpiece per tool f ~toptJ =cost of repair of one damaged workpiece 
NttoptJ = number of workpieces machined per tool 
Pf(topt) = number of defective workpieces per tool 
topt = optimal replacement time 
Next, let us consider the derivation of mathematical 
and f ( t t). c op It is assumed 
that all machined workpieces have to meet certain requirements, one 
of which being the quality of surface finish. ~xperimental results 
have indicated (21) that as the amount of wear increases, the 
quality of surface finish deteriorates. lt is then assumed that a 
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point in the p;radunl wear region can be identified so that nny 
workpiece machined with a tool havine that nmount of wear will 
certainly be defective. Let that point be FW 1 which corresponds to a 
point in time ,t1. This situation is depicted in fieure (2.2). 
Time 
Figure 2-2: flank wear time relationship 
Let the time at which the tool is replaced be represented by 
topt' and cpd represent the cost of repair of one defective 
workpiece, then; 
fc(topt) = ((topt-t,)/tm).cpd 
topt>t, 
( 2. 5) 
fc(topt) o. toptSt1 
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And, 
Pf(topt) ::: (t-t1)/tm (2.6) 
Pf(topt) ::: o. 
also, 
N(topt) "' topt/tm (2.7) 
substituting the above relationships into equation (2.4) and taking 
its deravitive with respect to topt' we find that, 
(2.8) 
Equation (2.8) suggests that the cost function has a monotonicnlly 
non-decreasing shape beyond t t 1 , and no global minimum exists. It 
can be concluded that, 
(2.9) 
That is, if t 1 is known with certainty, the tool should not be used 
beyond this point in time. The optimal life of the tool is t 1• 
13 
2.4 Conclusions 
The mathematical approach considered in this part primarily 
assumes that for a given set of machining variables the wear rate, 
flank wear, and consequently the optimal life of a tool can be 
determined. This type of treatment has been questioned by many 
researchers (17, 18, 19), and statistical approaches have been 
proposed to account for the tool life variations. Some thorough 
investigations have led to the shift in emphasis from the 
deterministic tool life equation to a tool life distribution ( 10, 
11, 13). In the following sections, several such distributions are 
employed to describe the tool life, and their applicabilities under 
different modes of failure is investigated. 
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3. Stochastic failure model 
3.1 The hazard function 
Many different factors individually or collectively, can lead 
to failure of a tool. To account for all these factors in the form 
of a deterministic equation can be extremely difficult. The truth 
is that tool life is not known with certainty, hence should be dealt 
with according to the laws of probability. In fact there has been a 
shift in research to stochastic tool life in the recent literature 
('9, 10, 11' 12 ' 1.5, 14). 
::itochastic treatment of the tool life necessitates employment 
of failure distributions to describe the tool life. Appropriate 
selection of a failure distribution to describe the tool life may 
not be simple and it is helpful to make use of a concept to enable 
us to distinguish among differant distributions. This concept in the 
literature is known as the hazard function. 
The hazard function h(t) is defined as; 
h(t ) == 1;m {--=-Fl.;_ ... .::..l_+_Q·,_11.1_r_e _·,_V'I _,n_t_e r_v_a_l-:( t-:, _t -t_ll_t_)..:...l_no_+a_._.lu_r;_e _r_V\_(_o_) _t _) -1 
6t ... o tl. t 
Consequently, a hazard function can be related to its failure 
distribution according to the following expression, 
15 
h(t) = f(t)/(1-F(t)) 
'.rhe failure distributions that are considered next are justified 
baaed on the expected shape of their hazard function. 
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).2 Catastrophic failure model 
).2.1 Introduction 
•rools can fail catastrophically if they sustain a significant 
injury in the form of an impact, or if their quality degrades such 
that they become prone to mechanical or thermal fatigue. Also, 
inappropriate selection of tool material and machining variables can 
cause sudden failures. 
The catastrophic failure modei thst is considered in this 
section assumes such modes of failure prevail. As before, it is of 
interest to know when to replace the tool so that these abrupt 
failures can be avoided. Occurrence of sudden failure can cause 
severe damage to the workpiece, machine tool setup, and possibly be 
hazardous to the operator's safety. 
Two failure distributions are considered in this chapter and an 
attempt has been made to justify their use. 'fhe two distributions 
are the Weibull and a composite distribution. 
3.2.2 The Weibull distribution 
In many machining operations the tool quality is degraded by 
use und resistance to failure decreases with time. This progressive 
reduction in resistance with time can be viewed as an increase in 
failure hazard with time. Therefore, an appropriate failure 
17 
distribution for this situation should have an increasing hazard 
function. One such failure distribution is a Weibull distribution 
with a. shape parameter JJ greater than 1. 0. In order to obtain a 
realistic estimate for J and other parameters associated with the 
weibull distribution in this case, estimation should be based on 
sets of data collected in a job shop type environment so that a 
collective measure of all hazards involved, is obtained. In the 
absence of experimental data in this case, parameters for the 
Weibull distribution were arbitrarily chosen with shape parameter JJ 
always being greater than 1. 
3.2.3 Assumptions underlying the model 
'l'he following assumptions are made and utilized in order to 
construct the cost model. 
- Failures occur abruptly. 
- 'l'ime to failure is described by a two parameter Weibull 
distribution. 
- unce a failure occurs, the damaged workpiece will be 
repaired at a fixed cost, Cpd• 
- Tools are replaced upon occurrence of a failure or after a 
predetermined time topt• 
It is assumed that machining time per workpiece are 
sufficiently smaller so that one tool ca~ get through at 
least one workpiece with high probability. 
1 A thorough discussion of reasons for making this assumption is 
provided in chapter (6). 
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3.2.4 Cost function 
The cost function has the following form; 
C (t ) frt + ( t CJ.ct + Ct r, opt ... to h o h1 + N(topt) + 
'l'he general form of the cost function is the same as the one 
considered in the previous section, but some of the terms require a 
different expression since tool life is considered to be stochastic. 
The following are those expressions, 
t3-1 f 13 
t(t) =· ~ (+) E~p _ ( ~ ) ] (3.6) 
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',5.2.5 Determination of optimal replacement time and sensitivity 
analysis. 
To determine the optimal replacement time, a different approach 
was taken from the one presented for the deterministic model. 
Because of the form of the failure distribution, and difficulties 
involved in obtaining a closed form mathematical expression for the 
optimal replacement time, the cost function was simply plotted as a 
function of replacement time, and the optimal replacement time was 
found. 'l'he plots are shown in figure ( 3. 2). The following cost 
parameters were used for all the models considered in this research. 
c0 = .?$/min 
ct = .sa>/edge 
t c t = 1 • 0$/ too 1 
C d = 10.$/work piece t~ 2.$/work piece 
tm = 2.$/work piece 
To determine the effect of variation in distribution parameters 
on the cost function, five cases were considered and the results are 
summarized in table ().1). The results indicate that the optimal 
replacement time remained constant at 4.0 min for cases 1, 2, & 3. 
For cases 4 & 5 no optimal point could be found. 'fo explain this, 
let us observe the behaviour of their hazard functions which are 
shown in figure (';.1). Figure (5.1) demonstrates the behaviour of 
the hazard functions for the first 10 minutes. Plots 1, 2 & 5 
indicate a moderate increase in those hazard rates, whereas plots 4 
& ? indicate that the operation is too risky to be undertaken. 
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Figure 3-1: 
lf 
1 
.2. 
.1 
2 
3 
z 4 6 s 10 
Plot of hazard functions for the five cases 
considered 
Generally, lower mean time to failure resulted in higher cost of 
operation. This should be attributed mainly to the cost of damage. 
The optimal replacement time is most affected by the hazard rate, 
and as the hazard rate increased, the optimal replacement time 
decreased. 
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Table 3-1: The effect of distribution parameters 
on the optimal replacement time 
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).2.6 The composite distribution 
inappropriate selection of tool material for machining a 
certain work material or unstable tool work setup is likely to 
result in the premature failure of the tool early in the process. 
·.rnerefore, early tool failures can be attributed to such hazards. 
Sudden failures after long usage can mainly be attributed to fatigue 
and degradation of the tool's quality. The analyses in this section 
consider a situation in which the tool fails abruptly either at the 
early part of process or after being used for a reasonably long 
time. 
•ro model this situation appropriately, a failure distribution 
should be considered with a decreasing and then an increasing hazard 
function • .l.<'igure (;.)) shows such a hazard function. Figure (:5.4) 
shows the distribution for such a hazard function. This 
distribution consists of a two and a three parameter Weibull 
distribution. '.rne former has a shape parameter - < 1., and the 
latter has a shape parameter • >1 •• 
The cost function and other relevant relationships are the same 
as before with the exception of f(t), which has the following form, 
f(t) = 
for t>ll 
f(t) otherwise 
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Figure 3-3: The hazard function for the composite 
distribution 
where, p = weight factor 0 < p < 1 
3.2.7 Determination of optimal replacement time and the sensitivity 
analysis 
'l'o determine the optimal replacement time, the cost function 
was plotted against different replacement times, and the minimum 
point was located. The sensitivty analysis investigated the effects 
of mean and variance on the optimal replacement time and the cost 
function. 'l'he sensitivity analysis is summarized in table ().2). It 
should be noted that the weight factor p determines the influence of 
each of the two distributions (i.e, the two parameter and the three 
parameter Weibull distributions.) on the composite distribution. 
Namely, as the magnitude of p increases we would expect the tool to 
fail earlier in the process. Another important factor that should be 
25 
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t; .~ 10.0 .<18 14·0 2.2 2'4·0 25.8r 63.63 28·0 
5 .5 12.0 .go 6·0 1·4 22.0 2oS3 IS'lJ. 68 zz.o 
Table 3-2: The summary of sensitivity analysis 
considered in the evaluation of the results is the location 
parameter ll. As indicated in the equation for f( t), when t<ll the 
composite distribution simply reduces to a two parameter Weibull 
distribution. 'l'o elaborate, ll is the minimum point of the hazard 
function, because until the time t = ll, the function is decreasing 
and then it starts increasing. Therefore a direct relationship 
between the optimal replacement time and ll should be expected. This 
is demonstrated in table (;.2). As p decreased, more emphasis was 
placed on the three parameter Weibull distribution, forcing the 
value of ll and the optimal replacement time to be closer to each 
other. Plots of the cost function for each different case is 
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presented in figure ().?). As before, low mean and high variance 
resulted in higher cost. 
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).2.8 Conclusions 
'l'wo distributions were considered. 'rhe composite distribution 
seems to be a more descriptive distribution as compared to the 
weibull distribution in the sense that it includes possibilities of 
failure due to several factors. Generally, if a tool fails abruptly 
early in the process, it can be attributed to the several causes 
which are: inappropriate tool work selection, defective tool, or 
unstable machine tool setup. If sudden failures occur late in the 
process it is due to fatigue. B~sed on this, the composite 
distribution is more flexible for depicting such situations. It 
should be noted that a larger sample is required for fitting actual 
observu tions to a composite distribution as opposed to a Wei bull 
distribution for a set confidence level. 
The results of sensitivity analysis for each distribution were 
in general agreement regarding the effect of mean and variance on 
the cost of machining. 
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4. Progressive wear models 
Introduction 
One of the tool life criteria commonly used in industrial 
practice is when the tool fails to impart the required quality 
characteristics to the workpiece. ~xcessive wear on the tool 
(usually on the flank side of the tool) can cause loss of 
dimensional tolerance and deterioration of the surface finish. 
'l'he model considered in this section assumes that excessive 
flank wear is the predominant mode of failure. As flank wear 
increases, the quality of surface finish deteriorates. This was 
experimentally verified2 • Therefore a limit can be imposed on the 
surface finish, and any workpiece having a finish above that limit 
can be considered defective. '!'his would serve as a criteria for 
failure, and is applicable to finishing operations. 
4.1 The cost model 
Tne cost model has the same general form as before, but 
assumptions underlying this model are somewhat different and are 
listed below 
- There will be no abrupt failure, and all tools are 
2Experimental data indicated a direct relationship between level 
of flank wear and the surface finish (21). 
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replaced after a predetermined time topt• 
- A tool is considered to have failed when it produces a 
surface finish worse than that which is specified. 
- All defective workpieces require a constant cost Cr to be 
repaired. 
- A tool can produce with high proh_fbility at least one 
acceptable workpiece before it fails • 
'fhree distributions are considered as candidates for tool failure 
distribution. The parameters for each distributions were determined 
based on experimental data, and goodness of fit analyses were 
carried out for all three. These analyses as well as the 
experimental setup and the experimental data are presented in the 
appendix. 
The cost function is presented below and some of the terms have 
to be modified to satisfy the asuumptions underlying the cost model. 
CPc(toPt)=[coth+tottv~+ Ct+Cotce+ f.t(top~)}'_ tJ(topt:) ) 
N(topt.} N(topt.} -\tJ(top~ )_ Pf('lopt) 
( 4. 1 ) 
Specifically, the only terms that are affected are Pf and fd, and 
the remaining terms expressed as before. Once a tool produces a 
defective workpiece in the interval (0-topt), it is expected that 
all additional workpieces machined with that tool will be defective. 
),rhe reasons for making this assumption are discussed in chapter 
6. 
)2 
Let T represent the time at which the tool fails in the interval 
0-topt, then 
(4.2) 
If f(t) is the appropriate failure distribution, equation (4.2) can 
be written as follows; 
(4.3) 
Equation (4.3) repre.sents the expected number of defective 
workpieces produced in the interval (0-topt). Once a mathematical 
expression is established for Pf, a mathematical relationship can 
readily be written, 
(4.4) 
As before, to determine optimal replacement time, the derivative of 
the cost function should be set equal to zero, but due to the form 
of these distributions, writing a mathematical expression for the 
derivative is often extremely difficult and at times impossible. To 
avoid such difficulties, numerical techniques can be used or the 
cost function can simply be plotted versus replacement time and the 
minimum point be determined. 
Next, let us consider the failure distributions used in this 
model. The three distributions were: gamma, Weibull, and a joint 
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distribution. 
4.2 Gamma distribution 
The gamma distribution is an extension of the exponential 
distribution. It can be derived by considering the k-fold 
convolution of an exponential distribution. 
Ramelingam (11) used this concept to propose the gamma 
distribution as a candidate for tool failure distribution when wear 
is the predominant mode of failure. He considered wear as a process 
of detachment of very small particles from the tool and assumed the 
time between these detachments are exponentially distributed with 
parameter ~. He called these detachments, injuries. Then, he 
assumed that it takes k injuries to terminate the life of the tool. 
Therefore time to failure is the time interval from start to the kth 
injury. 'rherefore, tool life distribution would be a gamma 
distribution with parameters k and ~. 
In our analyses, a tool was considered to have failed when it 
produced a surface finish greater than 170 11-in. Therefore, time to 
failure was the length of time that the tool was used until a 
failure occurred. These time to failures were then fitted to a gamma 
distribution. Case of table (4.1) represents the parameters 
obtained as a result of fitting. As before, parameters were varied 
in order to observe the effects of variation in mean and variance on 
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the cost function and the optimal replacement time. 
4.3 Sensitivity analysis 
Sensitivity analysis indicated that as the mean time to failure 
(MTTF) increased so did the optimal replacement time of the tool and 
vice versa. Variance of the distribution did not have much effect on 
the optimal replacement time, but higher variance resulted in higher 
values of the cost function. •.rable (4.1) shows the summary of the 
analysis and the cost functions for each case are presented in 
figure (4.1 ). Also, loW'er values of MTTF resulted in higher cost. 
ln case (5) with the loW'est M'.rTF the corresponding cost function 
took the hignest value. 
4.4 The Weibull distribution 
ln recent life test studies, the Weibull distribution has been 
given a lot of attention (11,12). '.rhis is mainly attributed to the 
flexibility of this failure distribution. 
The W'eibull distribution can be considered to describe a 
process of progressive failure. One would expect in such a process a 
non-decreasing hazard leading to eventual failure. This expectation 
W'as verified when the experimental data were fitted to a Weibull 
distribution. The estimated value of the shape parameter - was 
1.78?46 (see table (4.2)) which indicates the existence of an 
increasing hazard function. Other estimated parameters are presented 
1 
2 
3 
4 
5 
Po.,.o.me ters 11eo.n Variance topt t< 
" 
14·4 .qot 16. 030 17.7gt 8-o 
IH·O . qot 19.978 ;;);) ./73 10.0 
llJ.O 1./0 17.2.73 15. 7oz. Jo.o 
10·0 ·tO 14 · 2E6 2o. 4o8 6-0 
15'-0 1.10 13.636 /2. 3Cif 6·0 
'!'able 4-1 : Summary of sensitivity analysis 
when the gamma distribution is used. 
in t~ble (4.2) under case 1. As before, effects of mean and variance 
on the optimal replacement time and cost function were investigated 
and is the subject of the discussion in the following section. 
'!'able (4.2) represents the summary of sensitivity analysis. Again 
as mean time to failure increases so does the optimal replacement 
time and vice versa. Also, lower values of MTTF resulted in higher 
cost. Figure (4.2) shows the plots of cost function against time for 
the five cases. As MTTF decreases, the number of defective 
workpieces increase and consequently operation becomes more 
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Case Po.r-a.I'Yiete r-s Meo.n Vario.nce t_ 0 Pt 
1 q.o 
2 IO.o 
3 12.0 
y ~.o 
5 s.o 
Table 4-2: 
1.;t8 q,o /1.01 OJ/. 50 /o.o 
180 11.o I"'. 76 ;;,}8.55 IO.o 
1.60 t·O I Y. 2 'ii /6. 13 12.o 
1.60 11.0 15'.86 39.83 6.0 
1·60 8·0 1'2.. I? 21.o6 6·0 
Summary of sensitivity analysis for the 
Weibull distribution 
expensive. No general conclusion can be drawn with regard to 
variance and it seems not to have much effect on either optimal 
replacement time or the cost function. 
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4.5 The joint distribution 
'rhe third and the final distribution considered was a joint 
distribution function which consisted of a gamma distribution and a 
~Veibull distribution. Following is the justification for such a 
distribution. 
w'hen the gamma distribution was preaented, it was explained 
that it is the It-fold convolution of an exponential distribu~ion 
h~ving a parameter X. Parameter k represented the number of 
injuries imparted to the tool which resulted in the failure of the 
tool. It can be argued that k itself is a random variable and should 
be described by a probability distribution. Let us next consider how 
such ~ distribution can be obtained. 
Suppose a set of experimental data consisted of two 
corresponding data points. The time at which the failure occurred 
and the corresponding value of the flank wear. Flank wear was 
considered as a measure of k, that is for a flank wear of .12 mm, k 
was set equal to 12. fhis resulted in a new set of data consisting 
of time to failure and its corresponding k value. 
flank wear and time are not independent and in fact flank wear 
is known to be a £unction of machining time (1, 2, 7). Therefore the 
following steps were required to derive the joint distribution. The 
gamma distribution was considered as a conditional density function 
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in which random variable k is given. The joint distribution function 
can then be written as follows, 
f(t,k) = f(t/k).f(k) (4. 5) 
Once equ~tion (4.5) is established, then the failure distribution 
can be derived as follows, 
~ 
f,r(t) = ~ f(t,k)dk 
0 
(4.6) 
A l'l~ibull distribution was used to represent f(k). The main reason 
for this selection was the flexibility of this failure distribution. 
Obviously, for f(t/k) a gamma distribution was used. 
Although a joint distribution may be more elegant, it is more 
complex than the two other distributions considered earlier. 
Especially, when it is used in the cost function, it can make the 
calculation extremely difficult. It became apparent that at least 
for the cost model considered, results were very close among the 
three distributions, and no improvements in the accuracy of 
calculations were obtained. 
As before, a sensitivity analysis was carried out for this 
failure distribution which is the subject of discussion next. 
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4.6 The sensitivity analysis 
The results of the sensitivity analysis are summarized in table 
(4. j). As was observed for the previous distributions, mean time to 
failure (Wr'l'F) and the optimal replacement time have the same 
direction of change. Also, lower MTTF resulted in higher cost. Plot 
#5 in figure (4.5) corresponds to the most expensive operation and 
in case #5, MTTF has the lowest value. 
No significant relationship between the variance and the 
optimal replacement time was observed. However, in cases with large 
variance (cases /12 and 115), the cost function increased moderately 
after the minimum paint whereas for the case (case #1 ) with small 
variance this increase was quite sharp. 
4.7 Conclusions 
ln this section three different failure distributions were 
considered to describe tne failure process. 'rhe results indica ted 
that every one of them can be used to represent the progressive wear 
process. This was verified by the shape of the cost function, and 
the optimal replacement time whose values were almost identical for 
all three distributions. Furthermore, the results from goodness of 
fit analyses demonstrated good fit for all three failure 
distributions. These analyses are presented in the appendix. 
l<'or these distributions WrTF seemed to have the most 
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Case 
C>( 
1 1\.21 
2 \5.10 
3 l'f.Jo 
4 13.2. 
5 10. 2. 
Table 4-:5: 
Pa.rC\M ete.r.s Mea" Vario.r\ce top~ t3 ~ ;\ 
z..3o 16.'f3 \.62 16.43 \8. \0 '8·0 
2..s-o 2o.zo •. '2.0 '2- t:.q8 q6.Clo 1o.o 
z. 2.0 10·10 \. 3o 1q.s5 4t·03 '8·0 
2.10 li.so ,.~o 16.Z6 ,q,"f6 g.o 
2·05 IZ.50 '2...05 IO.So I 0. '2.0 Lf·O 
The summary of the sensitivity analysis for 
the joint distribution 
significant impact on the optimal replacement time. As MTTF 
increased so did the optimal replacement time and vice versa. 
Variance on the other hand, had very little effect on the optimal 
replacement time, and as variance increased the cost function became 
flatter. 
fhis chapter demonstrated that for a moderate sample size (26 
data points) several failure distributions can be employed to 
describe the progressive failure process. Once the failure 
distribution is selected and its parameters are estimated, then it 
can be used in a cost model to determine the opimal replacement time 
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5. Combined failure model 
ln chapters j & 4, two different modes of failure were 
considered. Chapter j considered the case in which abrupt failure 
was the main cause of failure. Chapter 4 considered the case where 
tool failures occurred mainly due to the inability of the tool to 
impart the required quality characteristics to the workpiece. ln 
this section, these two modes are combined in a single model to 
depict a more realistic situation. Next let us consider the 
assumptions underlying this model. 
5.1 Assumptions 
Assumptions underlying this model are naturally a combination 
of the assumptions underlying the two previous models. Following are 
these assumptions; 
unce a sudden failure occurs, the tool is replaced 
iounediately. 
lf no sudden failure occurs, the tool is replaced after a 
predetermined time, topt. 
'l'ool failure distribution for sudden failure is 
represented by r 1(t). 
'fool failure distribution due to excessive wear is 
represented by f2(t). 
'fhe only quality characteristic that is expected from a 
workpiece is its surface finish. 
It is assumed that machining time, tm is sufficiently 
small so that probability of tool failure in the interval 
(0-tm) is negligible. 
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The cost function has the following form, 
Where, 
f (t0 t) = the cost of repair of one workpiece 
wheR a ~udden failure occurs. 
Pf(t0 t) the expected number of defective 
workpieges. 
· fd(t 0 t) = the cost of repair of one workpiece 
when th~ surface finish exceeds the prescribed value. 
and, 
(5.2) 
(5.3) 
(5.4) 
Let us next consider how to derive mathematical expressions for 
Pf(topt) and fd(topt). It is assumed that if a sudden failure occurs 
'trhile machining the i th 'trorkpiece, possibility of damage due to 
excessive wear is only considered for the (i-1) workpieces machined 
earlier. It should be noted that the same tool has been used to 
machine these i workpieces. 
Let G( i) denote the expected number of defective workpieces 
produced for a total of i workpieces machined. Then, 
t'V\ 'Z.tl>'l i. {M 
G ( i) = i f.f.(l)d~+(i-1) J f,(I)Jt + ............. + ~f. Md t 
t... li-t}+..., 
(5.5) 
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Now an expression can be written for Pr(topt), 
topt 
p (t ) = (\- F (tort)) G(rJ) + t r .f,(I:)H )(G(t.H)+•) + 
f 0 pt I ltJ•I)-t..., 
{Pl-•H"' Zt"" -\:,,.. ( Jt,lt)JtX (',.(N-2)4-1 )+ .. ··+( r f,(t)d-\)(<;<,}t-t) +(l,(tlA~:.)(a) (5 • 6 ) 
('-1-l.)t:.,. ~ .... 
'fhe first term in the above expression, considers the case where no 
sudden failure occurs in the interval (0-topt). 'fhe second term 
describes the situation where sudden failure occurs while machining 
the last workpiece, consequently the expected number of defective 
workplaces are G(N-1) due to excessive wear and one due to sudden 
failure. fhe other terms are treated in a similar manner. ~quation 
(5.6) represents the expected number of defective workpieces due to 
either modes of failure. 
Once Pf is determined, an expression for fd can be written as 
follows, 
~orr ~4;,... 
rd(topt) =CJ((l- F,{ton))Gt"')+({ J f,(t}dt)G(tJ-•)+ .. ·t( ff,(t)d!:.)G(·)~ 
(r.~-•H.., -to.. 
(5.7) 
lt should be noted that the terms inside the brackets consider only 
those defective workpieces that were damaged due to excessive wear. 
Let us next consider tne failure distributions for the cost 
model. To describe the failure process, two distributions are 
required as specified before. ln chapter j, it was determined that a 
4d 
composite distribution would be a eood choice for dencribing sudden 
failures, therefore, 
where, 
"- = weight factor 
fa(t) = a two parameter Weibull distribution 
fb(t) = a three parameter Weibull distribution 
In chapter 4 three different distributions were considered to 
describe the time to failure when the predominant mode of failure 
WHS wear. All three distributions showed to be good candidates. For 
simplicity a three parameter Weibull distribution was used to 
describe the time to failure when the mode of failure is wear. 
5.2 The sensitivity analysis 
Two types of sensitivity analysis were carried out. The first 
one investigated the effect of variation in distribution parameters 
on the shape of the cost function and the optimal replacement time, 
and the second one meant to demonstrate the effect of variation in 
the cost parameters on the cost function. In the following each 
analysis is discussed separately. 
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5.3 Effects of distribution parameters on the cost function 
In the following analysis, parameters were selected so that 
behaviour of the cost function for each of the following cases can 
be analyzed. Case 1 s~rves as the reference case and the other cases 
are compared to this case. A summary of this analysis is provided in 
table (5.1). i!:ach of the following cases represent a particular 
situation that might be encountered in machining. 
1. 'l'he reference case, which is based on the experimental 
data. 
2. Sudden failures at the outset of the process are less 
frequent, and if they occur it will be relatively early 
in the process. 
). Sudden failures due to fatigue happen earlier in the 
process with more variation(i.e, tool's quality degrades 
faster.) 
4. Failures due to progressive wear occur earlier with more 
variation. 
5. Failure due to progressive wear occurs later with less 
variation. 
6. Sudden failures due to fatigue occur with less variation. 
Let us first considor the behaviour of the cost function for the 
reference case. Figure (5.1) shows the plot of the cost model as a 
function of replacement time. For the failure process, three 
distinct regions are reali~ed. In the early part of a tool's life 
sudden failures are the predominant mode of failure. Failures that 
occur in this region are caused by: defectiveness of the tool, 
unstable tool work set up, etc. Upon occurrence of a failure, the 
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tool is replaced immediately. 'l'hat is, sudden failure results at 
most in one defective workpiece. The hazard function in this region 
has a negative slope which results in a decreasing cost function in 
the early stage. 
ln the mid-region, progressive wear is the main cause of 
failure. ~uch failures can not be detected (according to the 
assumptions underlying the model), and the tool remains in the 
operation until the replacement time. 'fhe global minimum point is 
expected to occur in this region. Once this point is encountered, 
the cost function starts increasing. 'l'his is due to the fact that 
chance of failure due to progressive wear is increasing which 
results in a higher number of defective workpieces. Toward the end 
of this region the cost function begins to stablize and tend toward 
its limit. At the boundary between the 2nd and the )rd region, 
probability of sudden failure begins increasing (at this stage 
sudden failures occur due to fatigue). Once a sudden failure occurs, 
no more defective workpieces are produced beyond this point since 
the damaged workpiece is immediately removed. 
Superimposition of the two failure modes can cause a brief 
decline in the cost function. At the end of the third region the 
cost function tends toward its limiting value. 
The highest value of tne cost function is obtained when sudden 
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failures at the outset of the process become less frequent. In such 
a situation failure due to progressive wear becomes more predominant 
which results in higher cost. 
Case (5) demonstrates the situation where the sudden failure 
due to fatigue occur earlier in the process. 'fha t is the 2nd and the 
;rd region of the failure process are superimposed. This again 
verifies the fact that superimposition of the two failure modes may 
result in a reduction in cost. This is due to occurrence of a sudden 
failure which stops production of defective workpieces. 
Cases (2) and (j) demonstrate that although occurrence of 
failure can affect the cost function, it has minimal effect on the 
optimal replacement time. Cases (4) and (5) show that the optimal 
replacement time is mainly affected by MTTF due to progressive wear. 
'fnis can be clearly sean in table (5.1). As ~lT'fF for f 2( t), which 
describes the progressive wear failure process, changed so did the 
optimal replacement time. As observed in the previous section, a 
cilange in the variance of these distributions do not have much 
effect on the shape of tne cost function or the optimal replacement 
time. 
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5.4 Effects of cost parameters on the cost function 
A similar study was conducted to analyze the effects variation 
in cost parameters on the cost function and the optimal replacement 
time. The following cases were considered where case 1 served as the 
reference case. 
1. Reference case, which is based on the experimental data. 
2. Higher cost of damage to the workpiece. 
- cd was increased by 50%. 
- Cpd was increased by 100%. 
). Higher cost of tooling. 
4. Higher cost of labor. 
5. Higher cost of damage to the workpiece. 
- cd was increased by 100%. 
- Cpd was increased by 50%. 
Generally, none of the cost parameters showed any effect on the 
optimal replacement time. The optimal replacement time for each case 
is shown in table (5.2). The cost of labor had the most significant 
effect on the cost fuction. A 100% increase in the cost of labor 
resulted in the most expensive operation as it is shown in the 
figure (~.2). Cases (4) and (?) demonstrated the regions of this 
influence. ~udden failures occur early in the process, so the cost 
function for case (4) was higher than case (5). However, in the 
middle region, failures due to progressive wear is more common which 
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resulted in higher cost of operation for case ( 5). 'l'he cost of 
tooling had the least effect since at most one tool is changed. 
Case 
1 
2 
3 
4 
5 
'!'able 5-2: 
5.5 Conclusions 
Cost. Paro.tHe tel'S 
-I::. opt 
Tm eel c1'cl cc. Tn ct. let. 
z.o 5·0 10·0 ·5 2..0 .s 1·0 16·0 
z..o 7·5 Zo.o ·5 z.o -5 1·0 16·0 
z.o 5·0 1o.o .5 2..o 1.o 1·0 16.0 
2·0 5·0 Jo.o 1.0 z.o ·5 1·0 16·0 
z.o 10·0 15.0 ·'5 2·0 ·5 1·0 16·C 
Summary of the sensitivity analysis for the 
combined failure model 
The effects of the two sets of parameters on the cost function 
and the optimal replacement time were considered. The analyses 
demonstrated the cost function is more sensitive to changes in 
distributions parameters than the cost parameters • 
It also demonstrated that failure due to excessive wear had a 
bigger influence on the shape of the cost function and the optimal 
replacement time than the sudden failure mode. 'l'his should be 
56 
~ 
(.) 
a.. 
~ 
:3: 
' ~ 
>-
Ul 
0 
(.) 
0 
0 
0 
0 
0 
0 
0 
ti 
.. 
Lf 
s 
2 
J 
I 
N,_-------r-------r------~------~------~------~ 
2.000 so.oo 
• 'ol .. , 
TINElNIN> 
(:OST VS. TIME 
Figure 5-2: The cost function when the combined failure 
model is used. 
57 
attributed to the inherent assumption of the cost model. Failures 
due to sudden breakage can result at most in one defective workpiece 
whereas excessive wear may result in many defective workpieces. 
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6. General conclusions 
6.1 Evaluation and the applicabilty of the model. 
Cutting tools play an important role in machining economics 
problems. Ability to replace the tool optimally can reduce the cost 
of machining to its minimum. Basically, a tool should be exploited 
as long as possible without causing any damage to a workpiece. lt is 
a common practice in industry to replace the tool based on 
historical data. For a reliable set of experimental data, a 
particular machining operation can be modeled mathematically, hence 
the optimal replacement time of the tool be determined. '.rhe success 
of such a model depends to a great extent on how accurately the tool 
failure process is described. 
ln this study, two methods were considered for describing tool 
failures. 'rhe first approach considered using a deterministic 
equation for describing tool life. This equation was derived using 
multiple regression methods. Then for a given set of machining 
conditions, life of the tool could be determined. 
'rhe second approach considered some of the appropriate tool 
failure distributions to describe different modes of failure. lt 
was demonstrated that such failure distributions can be successfully 
implemented in a cost model to determine the optimal replacement 
time. A relatively small sample size was used to estimate the 
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parameters for the failure distributions. This indicates that the 
method can be used in a practical situation with relative ease. 
The model showed stability under different conditions. However, 
it was found that this model has certain limitations, which is the 
subject of the discussion in the next section. 
6.2 Limitations of the model 
'rhe cost model considered in this study can be applied to 
situations in which me!:ln time to failure (;'lTTF) is greater than the 
machining time, tm for a given workpiece. For a stochastic process, 
there exists a probability of failure within the interval (0-tm). 
When t't'f'l'F' is much larger than tm, this probability can be considered 
negligible. As tm tends toward MTTF, this probability grows larger, 
which makes the model and corresponding analysis inaccurate. 
'l'herefore, for the model to be sufficiently accurate, the 
probability of failure before one workpiece is turned out , should 
be negligible. Therefore, applicability of this model is restricted 
to situations where machinig time is very small. 
'!'o overcome such limitations, renewal theory may be used to 
model tool failures and tool replacements. This method has the 
advantage of considering all posibilities, but implementation of 
this method can be quite involved. 'rhis method and other possible 
alternatives are briefly discussed in the following section. 
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6.) Areas of future research 
A renewal process is an extension of the Poisson process. The 
Poisson process considers an exponential interarrival time , where 
in a renewal process interarrival times can be described according 
to 1:1ny probability distribution (5). Any failure process has the 
inherent characteristics of being renewable. 'l'herefore any failure 
can be considered as a renewal. 'l'he renewal theory considers all of 
the possibilities involved in a renewal process, hence any solution 
based on this m~thod will have a general application. 
ln this study, several distributions for different modes of 
failure were considered. Several assumptions were made regarding 
removal of defective workpieces and tools that failed. For each of 
these removals and failures a renewal process can be defined. In 
order to model the machining process, these renewal processes must 
be superimposed. Conse~uently, application of renewal theory to the 
cost model is ~uite involved. However, once the cost function is 
modeled using renewal theory, it will provide an exact solution to 
the mashining economics problem. Another techni~ue that can be used 
for modeling is simulation • The inherent problem with a simulation 
run is the det~rmination of the length of time re~uired to reach the 
steady state. At times this can be quite long and expensive. For the 
cost model considered, a fairly simple simulation model can depict 
the situation, and in the absence of an exact mathematical solution 
this seems to be the best remedy. 
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I. Appendix 
1.1 Experimental setup, and procedure. 
In order to collect data for the tool life and corresponding 
value of flank wear the following steps were taken,4 
1. A cut was taken along the workpiece as shown in figure 
I-1. 
2. Surface finish measurements were taken at each end and 
the middle of the workpiece. 
3. Wear on the f?ank of the tool were measured after certain 
elapsed time. 
4. corresponding flank wear values and surface finish 
measurements were collected and are presented in table 
I-1. 
1.2 Parameter estimation 
The experimental data were used to estimate the parameters of 
the distributions considered in chapter (4). The time of failure was 
defined as when a tool produces a workpiece with a finish of 170±5 
11-in. In the following sections methods that were used for 
parameter estimation for each of the distributions are discussed. 
4The related experiments were conducted by Mr. Kuan-chung Fu, and 
was part of a study presented as a Master's thesis . 
5This time interval varied between 2 minutes and 5 minutes. 
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5. I-1 Schematic diagram of the experimental setup. 
6; 
I-1 Corresponding values of failure time and flank 
wear. 
Time> """i"' F\cm\4 \JeC\r> 'A.IOz.(.., .... ) 
q.o ll.o 
q.o ,q.o 
10·0 2.Z .Q 
10·0 2.1.0 
J'2..o 25·0 
13.0 2.2..0 
14·0 2.5'·0 
ts.o 2.3·0 
\5·0 2.S·O 
IS·O 2.5'·0 
15·0 2Y·o 
16·0 3o·O 
16·0 2.6·0 
,,.o 2.Y·O 
f6.o 26·0 
16·0 2.6·0 
JZ.o 28·0 
20·0 3S.o 
20·0 2~·0 
zo.o zz.o 
2o. o 2.q.o 
zo.o '34 ·0 
zo.() 'Z.'l ·0 
22.0 36·0 
2.5·0 2.6·0 
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I.3 Gamma distribution. 
To estimate the parameters for a two parameter Gamma 
distribution, it is common to use either the maximum likelihood 
estimation or the method of moments. In the following analysis a 
special version of the method of moments applicable to small samples 
is applied (4), 
z. 
I (L Xt) o<.= ( I-1 ) 
I f' V\ ~Xi- x)Z 
)..= V\ rX' (1-2) 
.'E xl 
I..:: I 
equations I-1, and l-2 give the biased estimates for the parameters 
and the unbiased estimates can be determined as follows, 
Table 
I 
o< D( 
- ('+ ~) 
)\ = (noe.'~,t-?'t\))- s;r'\ 
)(· 
l.al L 
(I-j) 
(I-4) 
I-1 shows the data used to estimate the parameters. Applying 
equations l-1 through I-4, the unbiased estimates for the parameters 
were determined. The estimated vulues are; 
ex = 14.44 
" • 901 
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1.4 The Weibull distribution. 
The maximum likelihood estimation (MLE) and a graphical 
procedure have been recommended for estimating the parameters of a 
two parameter Weibull distribution (4). For a sample size of less 
than 26 (4), distributions of neither the maximum likelihood nor the 
best linear invariant estimators can be found. However, Zanakis (9) 
used an extended pattern search for the three parameter Weibull MLE 
problem. He derived relatively simple equations to estimate the 
parameters. Following are those equations, 
(I-5) 
o< =-'YL +Xt·63tJ]+ (1-6) 
f> =·~(e.,(I.J1,)/f..(1-P~}] (I-'7) 
~ ( ( t"- 'It) I ( t:i- ~)] 
where, t = the 6jrd quantile value. 
Pi = .167.51 
pk = • 97 566 
t 1 = t , and tk = t 
~ = location parameter 
« = scale parameter 
J = shape parameter 
Using the above equations the estimated values of the parameters 
were found to be, 
1l = 9.0 
« = 9.0 
' = 1. 78546 
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1.5 The joint distribution. 
'l'o determine the estimates for the parameters ,I>tLi!: as well as 
equations I-5 through I-8 were applied. Let us consider the joint 
distribution and its corresponding ML~ equation, 
¥'1 \'\- \ _).t (3-' f 
t(t,"): A i<~> e ~ ~ ( n~ 't) ) t:"p l- ~ t'\~ -tt) ) ( I-9) 
G(Y1,·····'1,~Jct1 ,.\,1)· f(t,,Vl,) ..... .f(tzc.•"'l.&) (I-10) 
let' A = fl(l\,) ."f'(h,). r(ns) .... ."{i (nz.<.) 
D = Y\,·H''\z.~····-tY"~z' 
C = t.~",-1). {:~{l'lz-1 ). : ...... tz.~Y\7.b·1) 
Now MLE equations can be written to estimate each parameter(C and A 
can be dropped from equation l-11 since they are constants.), 
oG 
~-=o 
~=o 
do< 
~:o 
dfJ (I-12) 
~-o ~1. -
~quation (1-9) represents a joint distribution consisting of a two 
parameter gamma and a three parameter 'l'leibull distribution. Let us 
define, 
H = ln(u) 
then, 
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= u. (1-1)) 
= D/)\-E = 0. 
and, 
)\ = D/1!: (l-14) 
Equation (1-14) indicates that )\ is independent of the other three 
parameters and can be readily estimated. The remaining three 
parameters belong to the \'/eibull distribution and can be estimated 
using (l-5) through (l-7). The estimated values are presented below, 
)\ 1. 6256 
<X 11 • 270 
'Vl = 1 6 • · r .:>o 
1.6 The goodness of fit analyses. 
x2-tes t was used to detet'mine the goodness of fit for these 
distributions. Following is the result of X 2-test applied to these 
distributions. 
Gamma distribution 
Equation (I-15) rept'esents the density function for a gamma 
distt'ibution. 
l'(k) (l-15) 
i'lext,the observed data were divided into five cells with each cell 
size not smaller than five , 
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q ··~ l ,, l ·~l z.o 15 :~ r 2.o 'Z.o 5 q 1 :~r Lj \0 2.o 7.0 \{, 2.o Z.'2. 1'2. IS \l, 
I; 20 Z.S" 
Next, observed and expected values for each cell was calculated and 
are presented in table (l-2). 
Cell Observe~ PL expected f't: 
I ·'2. 308 ·35t9 
2 .\q2.30 I l'l6S' 
3 .1<!231 .0826 
4 . lqz.31 -2.12.0 
5' .rq2.3o .145b 
l-2 ~xpected and observed values of the cells. 
'fhe results summarized in table (l-2) were used in the following 
equation to determine x2 , 
(I-16) 
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·rhe value of x2 was found to be • 19571 , and when compared to the 
value presented in x2 table demonstrated a good fit. 
fhe Weibull distribution. 
~quatlon (1-17) represents the Cumulative Distribution Function 
(G.D.F) for a three parameter Weibull distribution. 
(1-17) 
'fhe experimental data were again divided in to five cells and then 
the observed and expected probabilities were calculated. These 
results are presented in table (1-)). Equation (1-16) was then used 
to find X 2 , which was • 17041. The comparison of this value to the 
corresponding value in the x2 table demonstrated a good fit. 
The joint distribution 
For the joint distribution the experimental data were divided 
in to six cells in order to have at least one degree of freedom. 
~imilar analyses were carried out , and the X2 value was found to be 
.1 d)4. The comparison of this value to the corresponding value 
provided in x2 table indicated a good fit. 
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Cell Observed Bxpeded 
Pt. "Pl. 
I ·2308 .ZOC\5 
2. .1'1230 .1141 
3 .I q 23\ .o811 
t; .19231 .2926 
5 .1'12.30 . 2.355 
I-j Observed and expected values of each cell. 
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